Abstract. Let R be a prime ring with U the Utumi quotient ring and Q be the Martindale quotient ring of R, respectively. Let d be a derivation of R and m, n be fixed positive integers.
During the past few decades, there has been an ongoing interest concerning the relationship between the commutativity of a ring and the existence of certain specific types of derivations (see [2] , where further references can be found). In [ • y for all x, y ∈ I, then R is commutative. The present paper is motivated by the previous results and we here shall generalize the results obtained in [1] and [2] . Moreover, we continue this line of investigation by examining what happens for a ring R (or an algebra A) satisfying one of the following identities:
We obtain some analogous results for semiprime rings in the case I = R. Finally, by using the above identities we obtain some range inclusion results on non-commutative Banach algebras.
In the last section of this paper we will consider A as a Banach algebra with Jacobson radical rad(A). The classical result of Singer and Wermer in [17, Theorem 1] said that any continuous derivation on a commutative Banach algebra has the range in the Jacobson radical of the algebra. Singer and Wermer also formulated the conjecture that the continuity assumption can be removed. In 1988 Thomas [18] continue the investigation about the relationship between the structure of an algebra A and the behaviour of derivations defined on A. Then we apply our results on prime rings to the study of analogous conditions for continuous derivations on non-commutative Banach algebras.
The results in Prime Rings
We will make frequent use of the following result due to Kharchenko [11, Theorem 2] :
Let R be a prime ring, d a nonzero derivation of R and I a nonzero two sided ideal of R. Let
Then one of the following holds:
(1) either d is an inner derivation on Q, the Martindale quotient ring of R, in the sense
for all x ∈ R, and I satisfies the generalized polynomial identity
(2) or, I satisfies the generalized polynomial identity
Remark 2.1. Let R be a prime ring and I a nonzero ideal of R. If I satisfies the polynomial (xy + yx) n = 0 for all x, y ∈ I. Then R is commutative.
Proof. By the given hypothesis (xy+yx) n = 0 for all x, y ∈ I. It is obvious that, if char(R) ̸ = 2, then (2x 2 ) n = 0 for all x ∈ I. This is a contradiction by Xu [19, for some q ∈ D. Now we consider the two cases:
We can easily see that 0 = (
In view of the density of R, there exist x, y ∈ R such that
Hence 
Proof. Since R is a prime ring with characteristic different from 2, we have given that • y) ) n for all x, y ∈ I, which can be rewritten as
In the light of Kharcchenko's theorem [11, Theorem 2], we divide the proof into two cases: In particular, for s = 0, I satisfies the blended component (tx + xt) n = 0, for all x, t ∈ I. Then R is commutative, by using the argument presented in Remark 2.1.
Case 2. Let now d be an inner derivation induced by an element
for all x ∈ R. Then for any x, y ∈ I,
By Chuang [5, Theorem 2], I and Q satisfy same generalized polynomial identities (GPIs), we
In case the center C of Q is infinite, we have The following example demonstrates that R to be prime is essential in the hypothesis. • y) ) n for x, y ∈ I, but R is not commutative.
The results in Semiprime Rings
In all that follows, R will be a semiprime ring, U the left Utumi quotient ring of R. In order to prove the main result of this section we will make use of the following lemmas: 
R. Assume R is a B-algebra orthogonal complete. For any maximal ideal P of B, P R forms a minimal prime ideal of R, which is invariant under any nonzero derivation of R.
We will prove the following: Using arguments similar to those used in the proof of the Theorem 3.4 we may conclude with the following (we omit the proof brevity). We can prove 
for all x, y ∈ R, then R is commutative.
Applications on Banach algebras
In this section we obtain some results on non-commutative Banach algebras by using the preceding algebraic results.
Here A will denote a complex Banach algebra. Let us introduce some well known and elementary definitions for the sake of completeness. By a Banach algebra we shall mean a complex normed algebra A whose underlying vector space is a Banach space. The Jacobson radical rad(A) of A is the intersection of all primitive ideals. If the Jacobson radical reduces to the zero element, A is called semisimple. In fact any Banach algebra A without a unity can be embedded into a unital Banach algebra A I = A ⊕ C as an ideal of codimension one.
In particular we may identify A with the ideal { (x, 0) :
In this section we apply the purely algebraic results which are obtained in section 2 and obtain the conditions that every continuous derivation on a Banach algebra maps into the radical. As we have mentioned before, Thomas [18] has generalized the Singer-Wermer theorem by proving that any derivation on a commutative Banach algebra maps the algebra into its radical. This result leads to the question whether the theorem can be proved without any commutativity assumption. There are many papers that the theorem holds without commutativity assumption [14, 16, 17] .
Our first result in this section is about continuous derivations on Banach algebras:
Theorem 4.1. Let A be a non-commutative Banach algebra with Jacobson radical rad(A)
and m, n be fixed positive integers. Suppose that there exists a nonzero continuous derivation 
where A/P = A is a factor Banach algebra
Note that every derivation on a semisimple Banach algebra is continuous [10, Remark 4.3] .
First, in case A/P is commutative, combining this result with the Singer-Wermer theorem gives d P = 0 since A/P is semisimple. We intend to show that d P = 0 in case when A/P is non-commutative. Since the assumption of the theorem gives
for all x, y ∈ A/P . Thus by Theorem 2.2, it is immediate that either A is commutative or
of A is the intersection of all primitive ideals in A, we get the required conclusion.
Using arguments similar to those used in the proof of Theorem 4.1, we can prove
Theorem 4.2. Let A be a non-commutative Banach algebra with Jacobson radical rad(A)
and m, n be fixed positive integers. Suppose that there exists a nonzero continuous derivation
for all x, y ∈ A, then d maps into the radical of A.
In order to prove our last result, we will use the following well-known result concerning semisimple Banach algebra contained in [10, Theorem 4.1].
Lemma 4.3. Every nonzero derivation on a semisimple Banach algebra is continuous.
In view of Theorem 4.1 and Lemma 4.3, we may prove the following theorem in the special case when A is a semisimple Banach algebra. 
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